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a b s t r a c t
Free damped vibrations of a linear viscoelastic oscillator based on the fractional derivative
model involving more than one different fractional parameters and several relaxation
(retardation) times are investigated. The analytical solution is obtained in the form of two
terms, one of which governs the drift of the system’s equilibrium position and is defined by
the dynamic relaxation–retardation processes occurring in the system, and the other term
describes damped vibrations around the equilibrium position and is determined by the
system’s inertia and energy dissipation. The drift is governed by an improper integral taken
along two sides of the cut of the complex plane, while damped vibrations are determined
according to the two complex conjugate roots of the characteristic equation, which are
located on the left half of the complex plane. The behaviour of the characteristic equation
roots as functions of the system’s rheological parameters, which enable the control of the
dynamic response of the oscillator, is shown in the complex plane.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Viscoelastic models involving several fractional parameters and several relaxation (retardation) times are of little use in
applications due to the complex nature of the calculations. However, as is shown in [1–5], such models give good fit with
the experimental data on the creep and relaxation of some polymeric materials.
The simplest model of such a type was proposed by Koeller [6]
n∑
i=0
aiDiαε =
n∑
j=0
bjDjασ , (1)
where ε and σ are the strain and stress, respectively, ai and bj are coefficients, 0 < α < 1, and
Diα f (t) =

dm
dtm
[
1
0(m− iα)
∫ t
0
f (τ )dτ
(t − τ)iα+1−m
]
, m− 1 < iα < m
dm
dtm
f (t), iα = m
is the Riemann–Liouville fractional derivative [7,8].
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In the Laplace domain, relationships (1) have the form
ε =
n∑
j=0
bjpjα
n∑
i=0
aipiα
σ (2a)
σ =
n∑
i=0
aipiα
n∑
j=0
bjpjα
ε (2b)
where an overbar labels Laplace transform of the corresponding value, and p denotes the Laplace transform variable.
Suppose that equations
n∑
j=0
bjZ j = 0, (3a)
n∑
i=0
aiY i = 0 (3b)
possess only simple real negative roots Zj = −t−αj = −γj (j = 1, . . . , n) and Yi = −τ−αi = −βi (i = 1, . . . , n). Then
dividing in (2a) and (2b) the polynomials standing in numerators by those in denominators, and further decomposing the
proper fractions obtained in the remainder into simple fractions with due account for the assumptions made for the roots
of Eqs. (3a) and (3b), we have
ε = J∞
(
1+
n∑
i=1
g˜i
pα + τ−αi
)
σ (4a)
σ = E∞
(
1−
n∑
j=1
e˜j
pα + t−αj
)
ε (4b)
where J∞ = bna−1n , E∞ = anb−1n , and
g˜i =
n−1∑
k=0
(
bk
bn
− ak
an
)
τ−kαi (−1)k
 n∏
l=1
(l6=i)
(τ−αl − τ−αi )

−1
e˜j =
n−1∑
k=0
(
bk
bn
− ak
an
)
t−kαj (−1)k
 n∏
l=1
(l6=j)
(t−αl − t−αj )

−1
.
Let us rewrite (4a) and (4b) as
ε = J∞
(
1+
n∑
i=1
gi
1+ (pτi)α
)
σ (5a)
σ = E∞
(
1−
n∑
j=1
ej
1+ (ptj)α
)
ε (5b)
where gi = g˜iτ αi and ej = e˜jtαj .
The operator (1+ (pτ)α)−1 can be represented in the following form:
1
1+ (pτ)α =
(pτ)−α
1− [−(pτ)−α] . (6)
Considering the expression in the right-hand side of (6) as the sum of a downward geometrical progression, we find
(pτ)−α
1− [−(pτ)−α] =
∞∑
n=0
(−1)n(pτ)−α(n+1). (7)
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Substituting (7) with τ equal to τi and tj in (5a) and (5b), respectively, and converting to the time domain, we obtain
σ = E∞
[
1−
n∑
j=1
ej 3∗α(−t−αj )
]
ε (8)
ε = J∞
[
1+
n∑
i=1
gi 3∗α(−τ−αi )
]
σ (9)
where E∞ and J∞ = E−1∞ are nonrelaxed elastic modulus and nonrelaxed compliance, respectively, and tj and τi are the
relaxation and retardation times, respectively. The operator 3∗α(−τ−αi ) is defined as
3∗α(−τ−αi )σ =
∫ t
0
3α(−t ′/τi)σ (t − t ′)dt ′ (10)
where
3α(−t/τi) = t
α−1
τ αi
∞∑
n=1
(−1)n (t/τi)
αn
0[α(n+ 1)] (11)
is the fractional exponential function [9], which is reduced to the ordinary exponential function exp(−t/τi) for α = 1, and
0[α(n+ 1)] is the gamma-function.
If relationships (8) and (9) are interdependent, then, as it was shown in [10], the values τ−αi and t
−α
j should alternate
with each other, i.e.,
τ−α1 < t
−α
1 < τ
−α
2 < · · · < t−αn−1 < τ−αn < t−αn . (12)
The rheological models (8) and (9) describing the dissipative processes with several relaxation (retardation) times
based on the fractional exponential function (11) were suggested by Rabotnov [11] in 1966 and further used in [10] for
approximation of the relaxation and creep functions determined experimentally for several polymericmaterials. Rabotnov’s
model (8) has been applied with a success for analyzing the dynamic behaviour of a hereditarily elastic oscillator with two
relaxation (retardation) times for the first time by Rossikhin and Shitikova [12].
The models (8) and (9) can be easily generalized for the case of n different fractional parameters [13] for varying values
of αj
σ = E∞
[
1−
n∑
j=1
ej 3∗αj(−t
−αj
j )
]
ε (13)
ε = J∞
[
1+
n∑
i=1
gi 3∗αi(−τ−αii )
]
σ (14)
where 0 < αk < 1 (k = 1, 2, . . . , n), but unlike Eqs. (8) and (9), which are inverses of one another, Eqs. (13) and (14) do
not possess such a feature. Nevertheless, each may be used as a self-contained rheological model.
In the present paper, the generalized Rabotnov–Koeller model (13) is used for investigating free damped vibrations of
the simplest mechanical one-degree-of-freedom system. Despite the simplicity of the given mechanical system, engineers
often use 1DOF models as a first approximation, or as a benchmark, before preceding to more intricate models or multi-
degree-of-freedom structural systems. For example, 1DOF models are often used in an initial analysis of vibration-isolation
systems [14–19]. Moreover, the study of vibrations of more complex structures can be reduced to vibrations of a set of
oscillators [20–23]. It should be emphasized also that this problem may be considered as a benchmark for analyzing the
locus of the characteristic equation roots for any rheological model.
2. Free vibrations of a mechanical oscillator on the basis of the generalized Rabotnov–Koeller model
The equation of motion of an oscillator, the hereditary features of which are described by the model (13), has the form
x¨+ ω2∞
[
1−
n∑
j=1
ej 3∗αj(−t
−αj
j )
]
x = Fδ(t) (15)
where x is the coordinate, ω2∞ = E∞m−1, m is the oscillator’s mass, δ(t) is the Dirak delta-function, F is the force impulse
amplitude per unit mass, and overdots denote time-derivatives.
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Fig. 1. Contour used to calculate the complex inversion integral in the Laplace method.
Solution of (15) in the Laplace domain is written as
x¯(p) = F
p2 + ω2∞
{
1−
n∑
j=1
ej
[
1+ (ptj)αj
]−1} . (16)
The solution in the time domain is determined by the Mellin–Fourier inversion formula
x(t) = 1
2pi i
∫ c+i∞
c−i∞
x¯(p)eptdp. (17)
To calculate the integral in (17), it is necessary to determine all singular points of the complex function (16). This function
has the branch points p = 0 and p = ∞ and the simple poles at the same magnitudes of p which vanish the denominator
of (16), i.e., they are the roots of the characteristic equation
f (p) = p2 + ω2∞
{
1−
n∑
j=1
ej
[
1+ (ptj)αj
]−1} = 0. (18)
Since for the multivalued functions possessing branch points, the inversion formula is valid only for the first sheet of the
Riemann surface, then for calculating the integral in (17) we shall use the closed contour presented in Fig. 1.
Due to Jordan lemma, the integrals along the circumference CR tend to zero at R → ∞, and the integral along the
circumference Cρ also tends to zero when ρ → 0.
Using the main theorem of the residue theory, integral (17) can be written in the form
x(t) = xdrift(t)+ xvibr(t) (19a)
xdrift(t) = 1
2pi i
∫ ∞
0
[
x¯(se−ipi )− x¯(seipi )] e−stds (19b)
xvibr(t) =
∑
k
res
[
x¯(pk)epkt
]
(19c)
where summation is carried out along all isolated singular points (poles) p = pk.
The first term (19b) of (19a) describes the drift of the equilibrium position of the oscillator and is governed by the
relaxation–retardation processes occurring in the mechanical system, while the second term (19c) describes the damped
vibrations around the drifting position of equilibrium and is determined by the inertia forces and dissipative forces.
The value of xdrift(t) is calculated immediately by formulas (16) and (19b) and has the form
xdrift(t) = F
pi
ω2∞
∫ ∞
0
n∑
j=1
ejR˜−1j sin Φ˜je−st ds
B21 + ω4∞B22
(20)
where
B1 = s2 + ω2∞ − ω2∞
n∑
j=1
ejR˜−1j cos Φ˜j, B2 =
n∑
j=1
ejR˜−1j sin Φ˜j
R˜j =
√
1+ 2(stj)αj cosαjpi + (stj)2αj , tan Φ˜j = (stj)
αj sinαjpi
1+ (stj)αj cosαjpi .
Note that in engineering calculations the drift is often ignored, and only vibrations of mechanical systems are analyzed.
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3. Analysis of the characteristic equation roots
In order to calculate the value xvibr(t), it is necessary to investigate the roots of the characteristic equation (18). In order
to verify that (18) has no real roots, pmay be set equal to y (p = y) for values y > 0, thus resulting in the following equation
y2 + ω2∞
{
1−
n∑
j=1
ej
[
1+ (ytj)αj
]−1} = 0. (21)
Assuming
n∑
j=1
ej < 1 (22)
it then follows that (21) will have no solutions.
Setting p = −y for values y > 0 in (18) and separating real and imaginary parts, we find
y2 + ω2∞
{
1−
n∑
j=1
ejR∗ −1j cosΦ
∗
j
)
= 0 (23a)
n∑
j=1
ejR∗ −1j sinΦ
∗
j = 0 (23b)
where
R∗j = R˜j|s=y, Φ∗j = Φ˜j|s=y.
Since 0 ≤ Φ∗j ≤ piαj, then sinΦ∗j > 0, and (23b) has no solutions.
Substituting p = reiψ in (18) in order to calculate its complex conjugate roots of (18), and finally separating real and
imaginary parts, we obtain a set of two equations
r2 cos 2ψ + ω2∞
[
1−
n∑
j=1
ejR−1j cosΦj
]
= 0 (24a)
r2 sin 2ψ + ω2∞
n∑
j=1
ejR−1j sinΦj = 0 (24b)
where
Rj =
√
1+ 2(rtj)αj cosαjψ + (rtj)2αj , tanΦj = (rtj)
αj sinαjψ
1+ (rtj)αj cosαjψ . (24c)
It is evident that the system (24) lacks roots at any |ψ | < 12 pi , since (24b) at the givenmagnitudes ofψ has no solutions.
To calculate the roots of the system (24) at 12 pi < |ψ | < pi , let us introduce parameters Zj = (rtj)αj (j = 1, . . . , n) which
can take on magnitudes from 0 to∞. For each fixed set of the parameters Zj (j = 1, . . . , n), from the set of Eqs. (24) the
angle ψ can be determined first from the transcendental equation
tan 2ψ =
n∑
j=1
ejR−1j sinΦj
1−
n∑
j=1
ejR−1j cosΦj
(25a)
and then the value of r2 from the relationship
r2 = −ω2∞
n∑
j=1
ejR−1j sinΦj
sin 2ψ
. (25b)
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Fig. 2. The root locus for the characteristic equation (18) at n = 2, ξ = 1/6, and α = α1 = α2 .
Relationships (25) with due account of (24c) can be rewritten in the following form:
tan 2ψ =
n∑
j=1
ej
Zj sinαjψ
1+ 2Zj cosαjψ + Z2j
[
1−
n∑
j=1
ej
1+ Zj cosαjψ
1+ 2Zj cosαjψ + Z2j
]−1
(26a)
r2 = − ω
2∞
sin 2ψ
n∑
j=1
ej
Zj sinαjψ
1+ 2Zj cosαjψ + Z2j
= − ω
2∞
cos 2ψ
[
1−
n∑
j=1
ej
1+ Zj cosαjψ
1+ 2Zj cosαjψ + Z2j
]
. (26b)
Knowing r , we find the values
tj = Z
1
αj
j r
−1 (27)
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Fig. 3. The root locus for the characteristic equation (18) at n = 3, ξ = 1/6, and α = α1 = α2 = α3 .
which together with the found values ψ and r determine the root of the characteristic equation. Changing ψ by −ψ , the
complex conjugate root is obtained.
Thus, within the half-plane 12 pi < |ψ | < pi with the cut negative real semi-axis, Eq. (18) for each fixed magnitude of
tj (j = 1, . . . , n) possesses two complex conjugate roots
p1,2 = re±iψ = −δ ± iω. (28)
At αj = 1 (j = 1, . . . , n), the characteristic equation (18) possesses a real negative root which is determined from the
equation
y2 = −ω2∞
[
1−
n∑
j=1
ej(1− Z∗j )−1
]
(29)
where Z∗j = ytj.
Fixing the parameters Z∗j (j = 1, . . . , n) in (29), we define the value y. Knowing y, we may calculate the relaxation times
by the formula tj = Z∗j y−1.
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Fig. 4. The root locus for the characteristic equation (18) at n = 2, ξ = 1/6, and α1 6= α2 .
Note that, as it follows from the set (26), when all tj → ∞ (j = 1, . . . , n) the values ψ → pi/2 and r2 → ω2∞, while
when tj → 0 the values ψ → pi/2 and r2 → ω20 , where ω20 = ω2∞
(
1−∑nj=1 ej) > 0 (see Eq. (22)).
Knowing the behaviour of the characteristic equation roots, the function xvibr(t) can be represented as
xvibr(t) = Ae−δt cos(ωt + ϕ) (30)
where
A = 2F
{[
Rf ′
(
reiψ
)]2 + [=f ′ (reiψ)]2}−1/2
tanϕ = =f ′ (reiψ) [Rf ′ (reiψ)]−1
df (p)
dp
= f ′(p) = 2p+ ω2∞
n∑
j=1
ej
[
1+ (ptj)αj
]−2 tαjj αjpαj−1
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Fig. 4. (continued)
Rf ′
(
reiψ
) = 2r cosψ + ω2∞ n∑
j=1
ejt
αj
j αjr
αj−1R−2j cos
[
2Φj + (1− αj)ψ
]
=f ′ (reiψ) = 2r sinψ − ω2∞ n∑
j=1
ejt
αj
j αjr
αj−1R−2j sin
[
2Φj + (1− αj)ψ
]
.
If all αj are the same and equal to α, then the found solution (19) goes over into the solution for the Rabotnov model (8)
derived previously in Rossikhin and Shitikova [12]. For this case, the character of the roots’ behaviour at n = 2 in Eq. (18)
as function of Z1(t1) at fixed magnitudes of Z2(t2) is shown in Fig. 2 in the complex plane, while at n = 3 the locus of the
characteristic equations roots is presented in Fig. 3 as function of Z1(t1) at fixed magnitudes of Z2(t2) and Z3(t3) for ω∞ = 1
and the same value of ξ = 1−∑nj=1 ej = 1/6: e1 = 1/3 and e2 = 1/2 (Fig. 2), and e1 = e2 = 1/3 and e3 = 1/6 (Fig. 3). The
magnitudes of the fractional parameter α are indicated by digits near the corresponding curves. In all Figs. 2 and 3, only one
from each pair of complex conjugate roots is shown in the upper quadrant of the negative half-plane of the complex plane.
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Fig. 5. The root locus for the characteristic equation (18) at n = 3, ξ = 1/6, and α1 = α2 6= α3 .
From Fig. 2 it is evident that with the increase in t2, i.e., in Z2, the curves are detached from the imaginary axis, andwithin
the domain of 0 < Z2 ≤ 20 it is observed a mismatch of the limiting points, i.e., the initial points when t1 → 0 (Z1 → 0),
and the terminal points when t1 →∞ (Z1 →∞), so even at t1 = 0 or t1 = ∞ the vibratory process remains dissipative. In
other words, if one of the relaxation times ceases to work or works under a degenerated regime, then the other mechanism
begins to dominate.
With further increase in Z2, the mismatch decreases, and finally the limiting points once again are attached to the
imaginary axis. Thus, if both relaxation processes go on very quickly (when both relaxation times tend to zero at a time
in the first root locus in Fig. 2) or very slow (when both relaxation times tend to infinity at a time in the last root locus in
Fig. 2), then the given hereditarily elastic model behaves itself as the elastic one.
The presence of the additional third relaxation time t3, i.e., Z3, at the fixed magnitude of Z2, as it is seen from Fig. 3, does
not change the character of the root locus but results in the decrease or increase of the damping coefficient δ and the increase
or decrease of the frequency ω when the magnitudes of Z3 are much larger or smaller than those of Z2, respectively. When
the magnitudes of Z3 and Z2 are close to each other, then the influence of Z3 is rather little.
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Fig. 5. (continued)
Note that in the case of using theRabotnovmodelwith one relaxation time,which is equivalent to the fractional derivative
standard linear solidmodel [24], anymismatch of the limiting points or their detachment from the imaginary axis have never
been evident for different magnitudes of the fractional parameter [25].
The series of curves in Fig. 4 constructed for the case of n = 2 and different fractional parameters show the character
of the roots’ behaviour as function of Z1(t1) at fixed magnitudes of Z2(t2) when ξ = 1 − (e1 + e2) = 1/6 at e1 = 1/3
and e2 = 1/2. The values of the fractional parameter α1 are indicated by digits near the corresponding curves, while the
magnitude of α2 is fixed for each set of curves.
The roots’ locus for the oscillator possessing three relaxation times are presented in Figs. 5 and 6 for the cases of
α1 = α2 6= α3 and α1 6= α2 6= α3, respectively, as function of Z1(t1) at fixed magnitudes of Z2(t2) and Z3(t3). The values of
the fractional parameter α1 are indicated by digits near the corresponding curves, while the magnitude of α3 in Fig. 5 and
α2 and α3 in Fig. 6 are fixed for each set of curves.
References to Fig. 4 and Figs. 5–6 show, respectively, the influence of the second fractional parameter α2 and the third
fractional parameter α3 on the behaviour character of the curves for the roots of the characteristic equation, while the sets
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Fig. 6. The root locus for the characteristic equation (18) at n = 3, ξ = 1/6, and α1 6= α2 6= α3 .
of curves in Figs. 2 and 3 allow one only to trace the influence of the second and the third relaxation times, respectively. Let
us carry out a comparative analysis of the series of curves in Figs. 2–3 and 4–6.
The presence of the second fractional parameter α2 in Fig. 4 (for the same interval of the variation in magnitudes of Z2
as in Fig. 2) results in the concentration of limiting points, and they tend to approach the imaginary axis. Moreover, the
smaller α2, the closer the gap between the initial and terminal points of the curves and the imaginary axis. In other words,
the appearance of the second relaxation time t2 and the second fractional parameter α2 has an opposite impact on the
behaviour of the characteristic equation roots.
Note that when Z2 = 0 (the first locus in Fig.4) or Z2 →∞ (last four sets of curves in Fig. 4 at Z2 = 20), the variation in
fractional parameterα2 has little or no effect on the curves. From Fig. 4 it also evident that for the fixed fractional parameters
α1 and α2 the increase in the second relaxation time t2 results in the increase of the oscillator’s frequency.
At the limiting points in all sets of curves in Figs. 2–6 Z1 → 0 or Z1 →∞, that is the first terms involving α1 in formulas
(26a) and (26b) vanish to zero. Thus, at the fixed values of α2 and Z2 in Fig. 4 and the fixed values of α2, α3, Z2 and Z3 in
Fig. 6 the limiting points are the same for all curves in the each set constructed for various magnitudes of α1. If all fractional
parameters are of the equalmagnitude, i.e.,α = αj (j = 1, 2, 3), then at Z1 = 0 and Z1 = ∞ the first terms in (26a) and (26b)
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Fig. 6. (continued)
are eliminated, while in the second terms at n = 2 and in the second and third terms at n = 3 the parameter α is varied
for each curve, resulting in the fact that each curve possesses its own limiting points, as is evident for the sets of curves in
Figs. 2 and 3.
The same reasoning is valid also for the cases depicted in Fig. 5, where two of three fractional parameters are equal. At
Z1 = 0 and Z1 = ∞ for the fixed values of α3, Z2 and Z3 each curve is constructed for the different α2 = α, thus, all limiting
points are different. As this takes place, the variation of α3 on the root locus is little.
The influence of ξ on the root locus for the oscillator based on the Rabotnov’s model (8) for the cases of n = 1 and
n = 2 was traced in [24,12], respectively. Let us consider here only the particular case, when ξ = 0 or∑2j=1 ej = 1, i.e.,
e1 = e2 = 1/2. The root locus is shown in Figs. 7 and 8 for the cases α1 = α2 = α and α1 6= α2, respectively, as function of
Z1 for different fixed magnitudes of Z2.
From Figs. 7 and 8 it is seen that the curves on the complex plane, which are plotted in the polar coordinate system at
different magnitudes of α1 and different fixed magnitudes of Z2, issue from the origin of coordinates only when Z2 = 0,
what is characteristic of the Maxwell-like model. As soon as the additional relaxation time appears, i.e., Z2 6= 0, then the
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Fig. 7. The root locus for the characteristic equation (18) at n = 2, ξ = 0, and α1 = α2 .
roots of the characteristic equation lose the main distinct feature of the Maxwell-like model roots, that is they are detached
from the origin, and their behaviour is similar to those presented in Figs. 2 and 4.
4. Discussion
The influence of the second relaxation time and the second fractional parameter, as well as the third relaxation time and
the third fractional parameter on the character of the behaviour of the roots of the characteristic equation has been traced.
It has been shown that for small and large magnitudes of the relaxation times t2 and t3 all curves, which have been
constructed at differentmagnitudes of the fractional parameterα1 andwhich characterize in the complex plane the variation
in the real and imaginary parts of the characteristic equation root as function of the relaxation time t1 (Z1), possess two
limiting points at t1 → 0 and t1 → ∞, which locate on the imaginary axis. At median magnitudes of t2 or t2 and t3 and
one and the same fractional parameter α = αj (j = 1, 2, 3), the limiting points are detached from the imaginary axis and
mismatch in the complex plane, i.e., each curve possesses its own limiting points. In other words, at such limiting points the
oscillator possesses the different values of the damping coefficient δ and the frequency of vibration ω.
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Fig. 8. The root locus for the characteristic equation (18) at n = 2, ξ = 0, and α1 6= α2 .
At the presence of the second fractional parameter α2 differ from α1 for the case of n = 2 and all three different fractional
parameters in the case of n = 3, the limiting points of different curves begin to concentrate and tend to approach the imag-
inary axis, that is at such common limiting points the oscillator possesses equal damping coefficients and equal frequencies
independent of the magnitudes of fractional parameters.
Thus, the presence of several different relaxation times, when their magnitudes are finite, tends to detach the limiting
points of the curves from the imaginary axis and mismatch them in the complex plane, but when tj → 0 or tj → ∞, then
the limiting points of curves tend to return and take the place on the imaginary axis at one and the same initial and terminal
points.
In other words, the additional relaxation times and the additional fractional parameters have an opposite impact on the
behaviour of the characteristic equation roots.
Note that the procedure proposed for the construction and the analysis of the characteristic equation roots’ locus can be
utilized for an arbitrary number n of terms in the governing equation (15) and for any combination of magnitudes of the
fractional parameters involved, though it was demonstrated for n = 2 and n = 3 in the examples provided above. It also
allows one to investigate the particular case when ξ = 0, which for Zj = 0 (j = 2, 3, . . .) describes the Maxwell-like model
with several different fractional parameters.
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Fig. 8. (continued)
Comparison of the fractional derivative Maxwell models with two different fractional parameters discussed in [20] with
the Maxwell-like model considered in the present research shows the significant difference in the root locus behaviour.
Namely, in [20] it was shown that depending on the magnitudes of the fractional parameters α1 and α2 the fractional
derivative Maxwell model may be of the wave type, diffusion type, or even lacks the physical meaning, while the model
under consideration here is the wave one, i.e., it is physically admissible for any combination of the fractional parameters
α1 and α2.
This phenomenon is explained by the fact that the considered models (13) and (14) with the kernels of the form of the
fractional exponents are Boltzmann–Volterra relationships with fadingmemory, that is why they are physically meaningful
for any combination of the rheological parameters. The presence of variety of the rheological parameters, in its turn, allows
one to describe adequately the behaviour of the advanced polymeric materials possessing the complex relaxation and creep
functions involving several transition zones [1–5], in doing so utilizing only one rheological model with several relaxation
(retardation) times and several fractional parameters. Moreover, the analytical procedure developed for the numerical
calculation of the characteristic equation roots enables one to analyze the dynamic response of the mechanical systems,
the hereditary elastic features of which are described by such perspective for the rheology models.
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5. Conclusion
This paper pioneers the application of the generalized Rabotnov–Koeller model for analyzing the dynamic behaviour of
a hereditarily elastic oscillator with several different relaxation times and different fractional parameters. The analytical
solution has been obtained in the form of two terms, one of which governs the drift of the system’s equilibrium position and
is defined by the dynamic relaxation–retardation processes occurring in the system, while the other term describes damped
vibrations around the equilibrium position and is determined by the system’s inertia and energy dissipation. The drift is
governed by an improper integral taken along two sides of the cut of the complex plane. Damped vibrations are determined
by two complex conjugate roots of the characteristic equation, which are located in the left half of the complex plane.
A novel unique procedure allowing one to construct and to analyze the characteristic equation roots’ locus in the
complex plane has been developed for the fractional calculus model involving several different relaxation (retardation)
times and different fractional parameters at a time. The algorithm proposed enables one to investigate the root locus for any
combination of the rheological parameters of the mechanical system under consideration.
It has been shown that in this case, as distinct to all other fractional calculus models with one relaxation (retardation)
time, the curves which characterize the behaviour of two complex conjugate roots of the characteristic equation as function
of several relaxation times, are detached from the imaginary axis and begin ‘to move’ in the complex plane. This results in
the fact that the vibratory process remains dissipative one in awide range of the relaxation (retardation) times: even if one of
the relaxationmechanisms ceases towork or works under a degenerated regime, then the othermechanisms or one of them
begin to dominate. Only in the limiting cases, when all relaxation processes go on very quickly (all relaxation times tend to
zero at a time) or very slowly (all relaxation times tend to infinity at a time), this hereditarily elastic model behaves itself
as the elastic one. Thus, the variation in the system’s rheological parameters allows one to control the dynamic response of
the oscillator.
If one neglects the drift of the equilibrium position, which attenuates quickly with time, then the roots of the
characteristic equation can be used for solving the Cauchy problem. In this case, it is possible to use the solution in the form
of (30) considering A and ϕ as arbitrary constants which are governed by the initial conditions x(0) = x0, and x˙(0) = x˙0.
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